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Motivation | The Schrodinger Equation

The One-Dimensional Stationary Schrodinger Equation

B2 () — gla)i(z) = 0
potential ¢(z) = V(z) — E

rarely can be solved in closed form (harmonic oscillator, hydrogen atom, ..

= need approximation methods
want solutions that ‘know’ about the classical limit
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Motivation | The Schrodinger Equation

The WKB Approximation Method

Origins: Liouville, Green (1837); Jeffreys (1923);
Wentzel, Kramers, Brillouin (1926)...

Basic Idea: solve for ¢) asymptotically as 7 — 0

h28£¢(‘$7 h) - Q(x? hW(% h) =0
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Motivation | The Schrodinger Equation

The WKB Approximation Method

Origins: Liouville, Green (1837); Jeffreys (1923);
Wentzel, Kramers, Brillouin (1926)...

Basic Idea: solve for ¢) asymptotically as 7 — 0

h28§¢($7 h) - q(m, hW(% h) =0

Method: @ solve the leading-order equation (i.e., for i = 0)
® add fi-dependent corrections to get the true answer for A # 0
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Motivation | The Schrodinger Equation

The WKB Approximation Method

Origins: Liouville, Green (1837); Jeffreys (1923);
Wentzel, Kramers, Brillouin (1926)...

Basic Idea: solve for ¢) asymptotically as 7 — 0

h28§¢($7 h) - q(x, hﬁ/’(% h) =0

Method: @ solve the leading-order equation (i.e., for i = 0)
® add fi-dependent corrections to get the true answer for A # 0

e This is a problem in singular perturbation theory
e Major difficulty: step 2 is very tricky!
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The WKB Method | Formal WKB Solutions

hQaa%f(/)(xv h) — q(z, h)(z,h) =0

x
@ Write down the WKB ansatz: (x, h) = exp ( / s(z',h) da’/ h)

Tx
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The WKB Method | Formal WKB Solutions

hQaa%dj(xv h) — q(z, h)(z,h) =0

x
@ Write down the WKB ansatz: (x, h) = exp ( / s(z',h) da’/ h)

Tx

® Get a singularly perturbed Riccati equation hoys = 5% —q
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The WKB Method | Formal WKB Solutions

712351/1(% h) — q(z, h)(z,h) =0

x
@ Write down the WKB ansatz: (x, h) = exp ( / s(z',h) da’/ h)

® Get a singularly perturbed Riccati equation hoys = 5% —q

© Solve the Riccati equation in /-power series: S(xz, h) = Z sy (z)h*
k=0
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The WKB Method | Formal WKB Solutions

@ Write down the WKB ansatz: Y(x,h) =exp | — / s(z',h)da’/h

® Get a singularly perturbed Riccati equation hoys = 5% —q

[e.9]
© Solve the Riccati equation in /-power series: S(xz, h) = Z sy (z)h*
k=0
77/0‘522% ; ° : +._
0 = two formal solutions 51 with s := £, /qo

A | Duso + 25051 = @1
12 ‘ OzS1 + 28089 + s% =q

No differential equations!
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The WKB Method | Formal WKB Solutions

@ Write down the WKB ansatz: Y(x,h) =exp | — / s(z',h)da’/h

® Get a singularly perturbed Riccati equation hoys = 5% —q

[e.9]
© Solve the Riccati equation in /-power series: S(xz, h) = Z sy (z)h*
k=0
77/0‘522% ; ° : +._
0 = two formal solutions 51 with s := £, /qo

A | Opso + 25081 = @1

) 9 @ Get two formal WKB solutions:
I ‘ 0251 + 25082 + 57 = @2

xT

De@ h) = exp | — / S (o, h) da! Jh

T x

No differential equations!
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The WKB Method | Formal WKB Solutions

@ Write down the WKB ansatz: Y(x,h) =exp | — / s(z',h)da’/h

® Get a singularly perturbed Riccati equation hoys = 5% —q

[e.9]
© Solve the Riccati equation in /-power series: S(xz, h) = Z sy (z)h*
k=0
77/0‘522% ; ° : +._
0 = two formal solutions 51 with s := £, /qo

A | Opso + 25081 = @1

) 9 @ Get two formal WKB solutions:
I ‘ 0251 + 25082 + 57 = @2

xT

De@ h) = exp | — / S (o, h) da! Jh

T x

No differential equations!

Major problem: s are generically divergent! ‘
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The WKB Method | Three Ways Out

@ Formal analysis: treat ¥+ as a formal object
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The WKB Method | Three Ways Out

@ Formal analysis: treat ¥+ as a formal object
® WKB approximation: truncate the series s ; for example,

T

zpi_f)(a:,h) = exp —/:l:\/qg(:p’)da://h

Tx
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The WKB Method | Three Ways Out

® Formal analysis: treat ¥+ as a formal object
® WKB approximation: truncate the series s ; for example,

T

zpi))(a:,h) = exp —/:l:\/qg(:p’)da://h

Tx

© Exact WKB analysis: interpret 51 as asymptotic expansions as i — 0
of true analytic solutions s, and get exact WKB solutions:

xT

i (1) = exp | — / su (o h)da’ Jh

T x
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The WKB Method | Three Ways Out

® Formal analysis: treat {b\i as a formal object
® WKB approximation: truncate the series s ; for example,

T

Y (2, h) := exp —/:l:\/qg(:z:’)da://h

Tx

© Exact WKB analysis: interpret 51 as asymptotic expansions as i — 0
of true analytic solutions s, and get exact WKB solutions:

xT

i (1) = exp | — / su (o h)da’ Jh

T x

Then: 1+ ~ ¢4 as h — 0 and ¥ is the leading-order asymptotic behaviour
OR: sy ~5iash— 0 and sojE = +,/qo is the leading-order asymptotics
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The WKB Method | Three Ways Out

® Formal analysis: treat {b\i as a formal object
® WKB approximation: truncate the series s ; for example,

T

Y (2, h) := exp —/:l:\/qg(:z:’)da://h

Tx

© Exact WKB analysis: interpret 51 as asymptotic expansions as i — 0
of true analytic solutions s, and get exact WKB solutions:

xT

i (1) = exp | — / su (o h)da’ Jh

T x

Then: 1+ ~ ¢4 as h — 0 and ¥ is the leading-order asymptotic behaviour
OR: sy ~5iash— 0 and sojE = +,/qo is the leading-order asymptotics

‘ Big Question: do sy exist?
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The Exact WKB Method [arXiv:2008.06492]

Origins: Voros (1983), Silverstone (1985), Aoki, Kawai, Takei (1991),
Delabaere, Dillinger, Pham (1993), Koike, Schifke, ...
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The Exact WKB Method [arXiv:2008.06492]

Origins: Voros (1983), Silverstone (1985), Aoki, Kawai, Takei (1991),
Delabaere, Dillinger, Pham (1993), Koike, Schifke, ...

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE
R20%4) + p(x, W)y + q(z, h)y = 0

where p, ¢ are convergent hi-power series with meromorphic coefficients:

p(w,h) = pa(x)h" and  g(z,h) = gu(x)n"
n=0 n=0

(More generally: p,q admit locally uniform Gevrey asymptotic expansions as
h — 0 uniformly in a halfplane)
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The Exact WKB Method [arXiv:2008.06492]

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE
R2024 + p(z, h)hdyp + q(x, ) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
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The Exact WKB Method [arXiv:2008.06492]

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE
R2024 + p(z, h)hdyp + q(x, ) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.
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The Exact WKB Method [arXiv:2008.06492]

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE
R2024 + p(z, h)hdyp + q(x, ) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.

O Let: 5. be the two formal solutions with leading-orders ng
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The Exact WKB Method [arXiv:2008.06492]

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE

203 + p(x, W)hat) + q(x, h)yp = 0
@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.
O Let: 5. be the two formal solutions with leading-orders st

0
Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])

Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
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The Exact WKB Method [arXiv:2008.06492]

@ Consider: general meromorphic singularly perturbed 2nd-order linear ODE

B2024 + p(x, h) oy + q(z, h) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.

O Let: 5. be the two formal solutions with leading-orders ng

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])
Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.

Assume: U is complete under the flow of real analytic vector field Re (\/fo)x).
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The Exact WKB Method [arXiv:2008.06492]

® Consider: general meromorphic singularly perturbed 2nd-order linear ODE

B2024 + p(x, h) oy + q(z, h) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.

O Let: 5. be the two formal solutions with leading-orders ng

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])
Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (\/fo)x).
Assume: p, q are bounded by v/A on U
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The Exact WKB Method [arXiv:2008.06492]

® Consider: general meromorphic singularly perturbed 2nd-order linear ODE

B2024 + p(x, h) oy + q(z, h) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.

O Let: 5. be the two formal solutions with leading-orders ng

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])
Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (\/fo)x).
Assume: p, q are bounded by v/A on U

Then: there are exactly two analytic solutions sy such that for all z € U,

si(x,h) ~ 351 (x,h) as h — 0uniformly in the right halfplane
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The Exact WKB Method [arXiv:2008.06492]

® Consider: general meromorphic singularly perturbed 2nd-order linear ODE

B2024 + p(x, h) oy + q(z, h) = 0

@® Riccati equation: /0,5 = s> + ps + ¢
© Let: sT leading-order solutions: (sT)% + posi + qo = 0.

O Let: 5. be the two formal solutions with leading-orders s(jf

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])
Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (\/fo)x).
Assume: p, q are bounded by v/A on U

Then: there are exactly two analytic solutions sy such that for all z € U,
si(x,h) ~ 351 (x,h) as h — 0uniformly in the right halfplane

Therefore: fixing a basepoint ., € U,
there is a unique basis of exact WKB solutions 14 on U
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The Exact WKB Method [arXiv:2008.06492]

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])

Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (La )

VAT
Assume: p, q are bounded by /A on U

Then: there are exactly two analytic solutions s such that for all x € U,
st(x,h) ~ 54 (x,h) as h — 0 uniformly in the right halfplane

Therefore: for x, € U, there is a unique basis of exact WKB solutions )+ on U
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The Exact WKB Method [arXiv:2008.06492]

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])

Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (\/anx).

Assume: p, q are bounded by /A on U
Then: there are exactly two analytic solutions s such that for all x € U,

st(x,h) ~ 54 (x,h) as h — 0 uniformly in the right halfplane

Therefore: for x, € U, there is a unique basis of exact WKB solutions )+ on U

Furthermore: get integral representation as the Laplace transform
oo

sq(z,h) = s3 () +/e‘5/h0i(w,§) d¢
0
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The Exact WKB Method [arXiv:2008.06492]

Theorem (Existence&Uniqueness of Exact WKB Solutions [N’2020])

Let: U C C, simply connected domain with nonvanishing A := pZ — 4qo.
Assume: U is complete under the flow of real analytic vector field Re (%ax)

A
Assume: p, q are bounded by /A on U
Then: there are exactly two analytic solutions s such that for all x € U,

st(x,h) ~ 54 (x,h) as h — 0 uniformly in the right halfplane

Therefore: for x, € U, there is a unique basis of exact WKB solutions )+ on U

Furthermore: get integral representation as the Laplace transform
oo

sq(z,h) = s3 () +/e‘5/h0i(a:,§) d¢

0

o & 3
oi(x,€) = si( +Z/¢fxtdt and Ii[w](z,§) :/wxi t),&—t)dt
k:OO
GE(@,8) ==1s |bidf_y +Bri#di o+ Y. bt xdr+ > Bargi o
i,7=0 1,520
it+j=k—2 i+j=k—3
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