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�3Universality

Emergence of power law behaviour for thermodynamic quantities close 
to a critical point.

In statistical physics
Observation of ubiquitous patterns in nature: fractals, 1/f noise, scaling 
of catastrophic events.

In dynamical systems

1) E. A. Guggenheim J. Chem. Phys. 13, 253 (1985)
2) P. Bak, How Nature Works, Springer (1996)



�4“Rigorous” Definition

The universal properties only 
depend on the density of 
states for low-energy 
excitations

Low-Energy DOS
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Order parameter
The order parameter 
captures the 
continuum behaviour 
and reflects the 
symmetry changes in 
the system as a 
parameter is varied

Symmetry
Universal behaviour 
only depends on the 
symmetry of the order 
parameter  

O(N)
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A continuous model exists!
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�6Field Theory

1) Y. Holovatch, Theor. Math. Phys. 96, 1099–1109 (1993).
2) S. El-Showk et al., J. Stat. Phys. 157, 869–914 (2014).
3) A. Codello et al., Phys. Rev. D 91, 105003  (2015). 
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h (0) (r)i / rd�2+⌘
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What is the meaning of non-integer  
dimensions?



�8The Spectral Dimension

At low frequencies the vibrational spectrum of 
coupled oscillators on a network obeys:

Vibrational spectrum

⇢(!) / !ds�1
<latexit sha1_base64="CGwBIJRqepFaK1g/rTLYx6jAyOM=">AAACDHicdVDLSgMxFM3UV62vqks3wSLUhcNMFbW7ohuXFewDOmPJpJk2NDMJSUYow3yAG3/FjQtF3PoB7vwb04fg80Dg5JxzSe4JBKNKO867lZubX1hcyi8XVlbX1jeKm1tNxROJSQNzxmU7QIowGpOGppqRtpAERQEjrWB4PvZbN0QqyuMrPRLEj1A/piHFSBupWyx5csDLHo9IH+17QnKh+fR2nfa6qcoO3MykHLvquNVjF/4mru1MUAIz1LvFN6/HcRKRWGOGlOq4jtB+iqSmmJGs4CWKCISHqE86hsYoIspPJ8tkcM8oPRhyaU6s4UT9OpGiSKlRFJhkhPRA/fTG4l9eJ9HhqZ/SWCSaxHj6UJgwqDkcNwN7VBKs2cgQhCU1f4V4gCTC2vRXMCV8bgr/J82K7R7alcujUu1sVkce7IBdUAYuOAE1cAHqoAEwuAX34BE8WXfWg/VsvUyjOWs2sw2+wXr9AJi9m/0=</latexit>

Random Walk Return Rates
A random walker hopping on networks will return at its 
starting point with probability:

P0(t) / t�ds/2
<latexit sha1_base64="IVRd63mTSwbY4pjQdFGTe0wgQdg=">AAACBXicdVDJSgNBFOyJW4xb1KMeGoMQD44zUdTcgl48RjALJOPQ0+kkTXoWut8IYZiLF3/FiwdFvPoP3vwbO4vgWtBQVL3H6yovElyBZb0bmZnZufmF7GJuaXlldS2/vlFXYSwpq9FQhLLpEcUED1gNOAjWjCQjvidYwxucj/zGDZOKh8EVDCPm+KQX8C6nBLTk5rerbmKlRdhrRzKMIMRwnex33ESlB6XUzRcss2zZ5WMb/ya2aY1RQFNU3fxbuxPS2GcBUEGUatlWBE5CJHAqWJprx4pFhA5Ij7U0DYjPlJOMU6R4Vysd3A2lfgHgsfp1IyG+UkPf05M+gb766Y3Ev7xWDN1TJ+FBFAML6ORQNxZ4lFZXgjtcMgpiqAmhkuu/YtonklDQxeV0CZ9J8f+kXjLtQ7N0eVSonE3ryKIttIOKyEYnqIIuUBXVEEW36B49oifjzngwno2XyWjGmO5som8wXj8AGMSYVw==</latexit>

Spontaneous symmetry breaking of continuous 
symmetries is forbidden for 

Mermin-Wagner Theorem

ds  2
<latexit sha1_base64="3sy99RoeZnZWTWY3WzJQO+0URwE=">AAAB8nicdVDJSgNBEO1xjXGLevTSGARPw0wUNbegF48RzALJEHp6apImPd1jd48QhnyGFw+KePVrvPk3dhbB9UHB470qquqFKWfaeN67s7C4tLyyWlgrrm9sbm2XdnabWmaKQoNKLlU7JBo4E9AwzHBopwpIEnJohcPLid+6A6WZFDdmlEKQkL5gMaPEWKkT9XI97nK4xZVeqey5Vc+vnvr4N/Fdb4oymqPeK711I0mzBIShnGjd8b3UBDlRhlEO42I305ASOiR96FgqSAI6yKcnj/GhVSIcS2VLGDxVv07kJNF6lIS2MyFmoH96E/Evr5OZ+DzImUgzA4LOFsUZx0biyf84Ygqo4SNLCFXM3orpgChCjU2paEP4/BT/T5oV1z92K9cn5drFPI4C2kcH6Aj56AzV0BWqowaiSKJ79IieHOM8OM/Oy6x1wZnP7KFvcF4/AGiokVg=</latexit>

Does it control universal properties?

1) R. Burioni, D. Cassi, Phys. Rev. Lett. 76, 1091 (1996).
2) R. Burioni, D. Cassi, A. Vezzani, Phys. Rev. E 60, 1500 (1999).

What about discrete symmetries?
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�9Prototypical network

Consider the spectrum of 
the average graph, rather 
than the average of the 
spectra

“Mean-Field” model
One dimensional lattice with 
periodic boundary condition:

Ring Structure

ds = 1
<latexit sha1_base64="rW4O/hHEBrf3cW1aSQ3NtKynHtA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw3QUNQch6MVjBLNAMoSenp6kSU/P0N0jhCEf4cWDIl79Hm/+jZ1FcH1Q8Hiviqp6QSq4Np737iwsLi2vrBbWiusbm1vbpZ3dpk4yRVmDJiJR7YBoJrhkDcONYO1UMRIHgrWC4dXEb90xpXkib80oZX5M+pJHnBJjpVbYy/X4AvdKZc+terh6itFvgl1vijLMUe+V3rphQrOYSUMF0bqDvdT4OVGGU8HGxW6mWUrokPRZx1JJYqb9fHruGB1aJURRomxJg6bq14mcxFqP4sB2xsQM9E9vIv7ldTITnfs5l2lmmKSzRVEmkEnQ5HcUcsWoESNLCFXc3orogChCjU2oaEP4/BT9T5oVFx+7lZuTcu1yHkcB9uEAjgDDGdTgGurQAApDuIdHeHJS58F5dl5mrQvOfGYPvsF5/QB9f4+u</latexit>

Turn on bonds between sites 
with distance dependent 
probability

Additional bonds

Pij /
1

|i� j|1+�
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āij = 1/r1+�
ij
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�10Spectra
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�11Return rate collapse
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�12Tuneable spectral dimension

The average of the random walker return rates 
for several network realisations with different 
number of sites are collapsed to obtain an 
estimation of the spectral dimension.

The power law scaling of the first eigenvalue of the 
laplacian operator as a function of the network size 
is studied for large network sizes.

Scaling of the smallest eigenvalues

Collapse of the return probabilities
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Scaling Theory

At one-loop, the“same” universal properties occur if
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1) G. S. Joyce Phys. Rev. 146, 349 (1966).
2) M. C. Angelini, et al. Phys. Rev. E 89, 062120 (2014).
3) N. Defenu, et al. Phys. Rev. E 92 (5), 052113 (2015).
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�14Anomalous Dimension of  LR disorder?

“Mean-Field” Formula

ds =

(
2/� � < 2

1 � � 2,
<latexit sha1_base64="/w3cDvYKKDXXwZXWQVizdOodH4Q=">AAACLXicjVDLSsQwFE19W1+jLt0EB8WFjG0VdKEg6sKlguMI02FI09tOME1rkgpD6Q+58VdEcKGIW3/DzENQUfBAyMm5594kJ8g4U9pxnq2R0bHxicmpaXtmdm5+obK4dKnSXFKo05Sn8iogCjgTUNdMc7jKJJAk4NAIro979cYtSMVScaG7GbQSEgsWMUq0kdqVk7BdqPLADyBmoqBmkiptb8tXLE4IXh/s+57v2+7w4Mdw423aPojw09+uVN2a0wf+m1TREGftyqMfpjRPQGjKiVJN18l0qyBSM8qhtP1cQUboNYmhaaggCahW0f9tideMEuIolWYJjfvq146CJEp1k8A4E6I76metJ/5Wa+Y62msVTGS5BkEHF0U5xzrFvehwyCRQzbuGECqZeSumHSIJ1Sbgf4Zw6dXc7Zp3vlM9PBrGMYVW0CraQC7aRYfoFJ2hOqLoDj2gZ/Ri3VtP1qv1NrCOWMOeZfQN1vsH+YanUQ==</latexit>

Definition of ⌘
<latexit sha1_base64="1PHjdNRyBu0ylpwH1fdEgXWIes8=">AAAB63icjVBNS8NAEJ3Ur1q/qh69BIvgqaRV0GPRi8cK9gPaUDbbSbt0dxN2J0IJ/QtePCji1T/kzX9j0vagouCDgcd7M8zMC2IpLHneh1NYWV1b3yhulra2d3b3yvsHbRslhmOLRzIy3YBZlEJjiwRJ7MYGmQokdoLJde537tFYEek7msboKzbSIhScUS71kdigXKlVvTncv0kFlmgOyu/9YcQThZq4ZNb2al5MfsoMCS5xVuonFmPGJ2yEvYxqptD66fzWmXuSKUM3jExWmty5+nUiZcraqQqyTsVobH96ufib10sovPRToeOEUPPFojCRLkVu/rg7FAY5yWlGGDciu9XlY2YYpyye0v9CaNertbNq/fa80rhaxlGEIziGU6jBBTTgBprQAg5jeIAneHaU8+i8OK+L1oKznDmEb3DePgEOlY4/</latexit>

ds =
2� ⌘

�
<latexit sha1_base64="WutZdRDZ74/zxqM/jXcRtl/nIrc=">AAACBHicjZBLSwMxFIXv+Kz1Neqym8EiuLFMq6AboejGZQX7gM4wZDKZNjTJDElGKMMs3PhX3LhQxK0/wp3/xvSxUFHwQOBwzr0k+cKUUaVd98NaWFxaXlktrZXXNza3tu2d3Y5KMolJGycskb0QKcKoIG1NNSO9VBLEQ0a64ehy0ndviVQ0ETd6nBKfo4GgMcVImyiwK1GQq+LciyXCeePIIxoVuafogKMisKv1mjuV87epwlytwH73ogRnnAiNGVKqX3dT7edIaooZKcpepkiK8AgNSN9YgThRfj79ROEcmCRy4kSaI7QzTb9u5IgrNeahmeRID9XPbhL+1vUzHZ/5ORVpponAs4vijDk6cSZEnIhKgjUbG4OwpOatDh4iw0MbbuX/Qeg0avXjWuP6pNq8mOMoQQX24RDqcApNuIIWtAHDHTzAEzxb99aj9WK9zkYXrPnOHnyT9fYJNXqYdQ==</latexit>
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ds
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�15Why classical systems?

The study of diffusion, synchronisation and 
epidemic spreading on complex networks displays 
several universal features and it is strongly effected 
by the existence of a finite spectral dimension.

Network Dynamics

Principal components analysis (PCA) focuses on 
the eigenvalues of the covariance matrix to 
describe large data-sets. Strong correlation beyond 
PCA may emerge in the big-data limit depending on 
the spectral dimension.

Big Data

{
Brain Modelling

Social Interaction Networks

Financial Networks

Engineered Materials

Quantum Gravity

1) S. Bradde, W. Bialek,  J. Stat. Phys. 167, 462 (2017).
2) I. Iacopini, et al., Nat. Comm. 10, 2485 (2019).
3) M. Tumminello, et al., Proc. Nat. Acad. Sci. 102, 10421 (2005).
4) D. Bassett, et al., Phys. Rev. E 86, 041306 (2012).
5)  A. P. Millán, et al., Sci. Rep. 8, 9910 (2018).
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�16Why quantum systems?

Rydberg gases are generated by shining an off 
resonant laser field on a cold atom ensemble. Due 
to the Rydberg blockade effect, these systems 
display a highly non-homogeneous structure. 

Rydberg Gases
Quantum technologies require accurate quantum state preparation. 
However, quantum fluctuations limit the possible accuracy of 
experimental manipulations. These limitations are often universal but 
may be reduced by engineering systems with real spectral dimensions.

Quantum engineering

1) Y. Wang, et al., arXiv:1912.04200 (2019).
2) A. Orioli et al., Phys, Rev. Lett. 120, 63601 (2018).

Preparation of hundreds of microscopic atomic ensembles in optical tweezer arrays

Y. Wang,1 S. Shevate,1 T. M. Wintermantel,1, 2 M. Morgado,1 G. Lochead,1 and S. Whitlock1

1
ISIS (UMR 7006) and IPCMS (UMR 7504), University of Strasbourg and CNRS, 67000 Strasbourg, France

2
Physikalisches Institut, Universität Heidelberg, Im Neuenheimer Feld 226, 69120 Heidelberg, Germany

(Dated: December 10, 2019)

We present programmable two-dimensional arrays of microscopic atomic ensembles consisting of
more than 400 sites with nearly uniform filling and small atom number fluctuations. Our approach
involves direct projection of light patterns from a digital micromirror device with high spatial
resolution onto an optical pancake trap acting as a reservoir. This makes it possible to load large
arrays of tweezers in a single step with high occupation numbers and low power requirements per
tweezer. Each atomic ensemble is confined to ⇠ 1µm3 with a controllable occupation from 20 to
200 atoms and with (sub)-Poissonian atom number fluctuations. Thus they are ideally suited for
quantum simulation and for realizing large arrays of collectively encoded Rydberg-atom qubits for
quantum information processing.

Neutral atoms in optical tweezer arrays have emerged
as one of the most versatile platforms for quantum many-
body physics, quantum simulation and quantum com-
putation [1–10]. This is largely due to their long co-
herence times combined with flexible configurations and
controllable long-range interactions, in particular using
highly excited Rydberg states [11–17]. To date, substan-
tial experimental e↵orts have been devoted to create fully
occupied atomic arrays with '1 atom in each tweezer
by exploiting light-assisted inelastic collisions [18–20] and
rearrangement to fill empty sites [4, 5, 21–24]. In combina-
tion with high-fidelity Rydberg blockade gates [16, 25–31],
these systems have been recently used to demonstrate
coherent quantum dynamics of up to 51 qubits [32] and
entangled states of up to 20 qubits in one-dimensional
(1D) chains [33]. So far however, achievable array sizes are
limited to <⇠ 100 fully occupied sites (including for 2D and
3D systems), in part due to high power requirements and
increasing complexity associated with the rearrangement
process for larger arrays [21, 23, 24].
In this paper we demonstrate an alternative approach

to prepare large and uniformly filled arrays of hundreds
of tweezers with large occupation numbers in a single
step. This is exemplified by the 400 site triangular ar-
ray shown in Fig. 1a, as well as more exotic geometries
such as connected rings (Fig. 1b) and quasi-ordered ge-
ometries (Fig. 1c) which exhibit structures on di↵erent
length scales making them di�cult to produce using other
methods. Our approach involves transferring ultracold
atoms from a quasi-2D optical reservoir trap into an ar-
ray of optical tweezers produced by a digital micromirror
device (DMD). To realize large arrays we optimize the
loading process and the homogeneity across the lattice
by adapting the DMD light patterns to control the trap
depth of each tweezer. Each atomic ensemble is localized
well within the typical Rydberg blockade radius and the
typical interatomic separations of several micrometers
are compatible with Rydberg-blockade gates. Further-
more, we show that the fluctuations of the number of
atoms in each tweezer is comparable to or below the
shot-noise limit for uncorrelated atoms. This makes the
system well suited for quantum simulation of quantum

a

10 µmx

y

10 µm

b

d

c

Absorption
light (767 nm)

reservoir
(pancake trap)

objective
(NA 0.6)

dichroic
mirror

CCD

DMD
light pattern

(780 nm)

10 µm

Tweezer 
array

x
y z

Figure 1. Realization of a large tweezer arrays with

large occupation number in each tweezer. (a) Experi-
mental absorption image of a 400 site triangular lattice, where
each dark spot corresponds to a microscopic ensemble of ⇡ 30
ultracold 39K atoms. The lattice spacing is 4µm and the
apparent size of each spot is ⇠ 0.75µm (e�1/2 radius), mostly
limited by recoil blurring during imaging. (b) 40 site ring
structure and (c) 226 site Penrose quasicrystal lattice. To
improve the signal-to-noise ratio each image is an average of
20 absorption images. (d) Setup used to produce and load the
tweezer arrays by projecting light from a digital micromirror
device directly onto the atoms confined in an optical reservoir
trap.

spin models [13, 14, 34–40] and dynamics [41–48] in novel
geometries, as well as for realizing quantum registers with
collectively enhanced atom-light interactions for quantum
information processing [11, 36, 49–52].

Our experimental cycle starts with a three-dimensional
magneto-optical trap (MOT) loaded from a beam of 39K
atoms produced by a two-dimensional MOT. This is over-
lapped with a far o↵-resonant pancake-shaped reservoir
trap created by a 1064 nm single mode laser with a power
of 16W tightly focused by a cylindrical lens. The beam
waists are !z = 7.6µm, !x = 540µm and !y = 190µm
and the estimated trap depth is 330µK. To maximize the
number of atoms in the reservoir we apply an 8ms gray-
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�17Why dynamical universality?

In the dissipative regime the dynamics of a 
Rydberg atom ensemble can be related to the 
one of classical systems. Dynamical 
universality is then related to self-organised 
criticality.

Traditional dynamical problems of statistical 
physics, such as random walks or percolation, can 
be now investigated within the unitary dynamics 
paradigm.

Statistical physics goes quantum

Self organised criticality in cold atoms

1) M. Buchold, et al., Phys. Rev. B 95, 014308 (2017).
2) A. Signoles, T. Franz et al., arXiv:1909.11959.
3) S. Helmrich, et al., arXiv:1806.09931 (2018). 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