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MOTIVATION
The categorical trace plays a central role in

the RT invariant [7]. On non-semisimple cate-
gories the trace is non-degenerate, making the
invariant weaker in this setting. In [6, 4] the
modified trace was introduced as a solution to
this problem. Indeed, it provides an axiom-
atization of the trace that allows us to build
topological invariants and furthermore, it was
proven that it is non-degenerate in the ideal of
projective modules over a unimodular Hopf
algebra [1, 4]. In this work we try to extend
these methods to the non-unimodular case.

PRELIMINARIES
Let C be a (pivotal) tensor category. A

(right) C-module category M is a linear cat-
egory together with a functor � : M× C→M
satisfying some axioms. A module endofunc-
tor on M is a structure preserving endofunc-
tor, and its action and structure morphism are
represented in the Penrose calculus as

, .

Let G be a group. A Hopf G-coalgebra
is a family of algebras H = {Hg}g∈G, to-
gether with families of maps called coprod-
uct ∆gh : Hgh → Hg ⊗Hh, antipode Sg : Hg→
Hg−1 and counit ε ∈ H∗1 . It is called pivotal if
there exists a group-like element g ∈

∏
h∈GHh

for which Sh−1Sh(a) = ghag
−1
h . An (right)

integral for a pivotal Hopf G-coalgebra with
pivot (gh)h∈G is a family of linear forms µ̂h ∈
H∗h such that
(µ̂x ⊗ gy) ◦∆x,y(a) = µ̂xy(a)1y , a ∈ Hxy.

The modulus is an algebra map α : H1 → k,
which is an obstruction to the integral of the
dual Hopf algebra to be two sided. This in-
duces a module endofunctor R(α)∗ on pro-
jective modules by tensoring with the one di-
mensional representation twisted by α.

MAIN RESULTS

Theorem 1. Let (H, g) be a finite type pivotal
Hopf G-coalgebra and α the modulus of H1. Then
the space of module traces on

(
H -pmod, R(α)∗

)
is equal to the space of integrals, and thus one-
dimensional. Furthermore, the module trace t is
non-degenerate and determined by

tHx(f) = µ̂x
(
f(1x)

)
f ∈ HomHx

(
Hx, R(α)∗(Hx)

)
, x ∈ G .

Corollary 2. Let (H, g) be a finite type pivotal
Hopf G-coalgebra and A be a unimodular sub Hopf
G-coalgebra in H such that g ∈ A. Then, there is a
right modified trace t on the tensor ideal
IA = {V ∈ H -mod |ResA(V ) ∈ A -pmod}

given by the pull-back
tM (f) = t′Res(M)

(
ResA(f)

)
,

where Res is the restriction functor and t′ is the
trace on A -pmod.
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MODIFIED TRACE ON FULL QUANTUM sl2

Let p ∈ N≥3 and q = e
πi
p . Consider

the following quotients of Uq sl2, U(y,z,x) =
Uq sl2/〈F p − y,Kp − z, Ep − x〉. It is a Hopf G-
coalgebra forG = CoC×nC. It is unimodular
and its integral is given by
µ̂(y,z,x)(E

lF jKn) = z1+nδl,p−1δj,p−1δn,0 ,
where we have chosen K1+np as a pivot.

It is known [5] that U = {U(y,z,x)}(y,z,x)∈G
is generically semisimple, that is, U(y,z,x) is
semisimple if and only if (q−q−1)2pxy−z−z−1 6=
±2.

To compute the modified trace, it is suf-
ficient to determine its value on endomor-
phisms of projective indecomposables.

In the semisimple case, projective indecom-
posable Uy,z,x-modules are all p-dimensional.
We will denote them Vy,λ,x where λp = z. This
module is associated to the primitive idempo-
tent

Ic,λ =
ψ(Cq)

pψ(c)

(
p−1∑
i=0

λ−iKi

)
,

where Cq is the Casimir element, which on
Vy,z,a acts as c=ay + (q−1λ+λ−1q)(q − q−1)−2,
and ψ is a polynomial obtained from the char-
acteristic polynomial of Cq by removing the
factors associated to c. Straightforward com-

putation yields

t(IdVy,λ,a) =
z1+n

pψ(c)
Notice that the cases x, y = 0, z = ±1 corre-

spond to the representation theory of the small
quantum group. The modified trace was com-
puted in [1] using similar methods. And so,
the only remaining computations correspond
to the quotient U(y,z,x) for (q − q−1)2pxy − z −
z−1 =±2 and at least one of x, y non-zero. In
this case projective indecomposables are given
by Vy,λ,a modules, corresponding to simple
roots of the characteristic polynomial of Cq ,
and their self-extensions V 2

y,λ,a, corresponding
to double roots. For simple roots computations
are similar to the semisimple case. For dou-
ble roots, computing primitive idempotents is
somewhat more complex, and furthermore the
space of endomorphisms of V 2

y,λ,a is two di-
mensional.

In view of Corollary 2, we can use this com-
putations to recover the computation of the
trace on the projective ideal of the unrolled
quantum group in [3], but now in a merely al-
gebraic way, as opposed to the categorical ap-
proach of said paper.

FUTURE DIRECTIONS
We think that this construction might

prove relevant in the study of catgories of rep-
resentations of Lie algebras in positive charac-
teristic.

We expect to extend the invariant of B-
tangles of [2] to the non-semisimple case.

BOREL SUBALGEBRA
Let Bq be the subalgebra of Uq sl2 generated

by E and K. As before we can analyze this
using the family of quotients Bz,xq =Bq/(Kp−
z, Ep−x) for z ∈ C×, x ∈ C. The integral of
this algebra is given by

µ̂(z,x)(E
iKj) = z1+nδi,p−1δj,0.

Unlike Uq sl2 however this algebra is not
unimodular. Its modulus is determined by
α(E) = 0 , α(K) = q2.

A complete set of primitive idempotents is
given by

es =
1

p

p−1∑
i=0

z−i/pq2isKi , s=0, . . . , p−1,

and we associate to each the projective
indecomposable module Vs = Bz,xq es. The
induced functor R(α)∗ is determined by
R(α)∗(Vs) ∼= Vs−1.

Next, we determine the hom spaces
Hom(Vs, Vs−1) ∼= esBz,xq es−1. This is one
dimensional and generated by rx,zs : es →
Ep−1es−1.

Finally, the module traces can be com-
puted to be

tVs(r
x,z
s ) = µ̂z,x(Ep−1es) =

z1+n

p
.

MODULE TRACE
Let G be a group, C a pivotal k-tensor G-

category, M a (right) C-module category and
Σ: M→M a module functor. A (right) mod-
ule trace on (M,Σ) is a family of linear maps

{tM : M(M,ΣM)→ k}M∈M
satisfying the following two conditions:

Cyclicity: for all objects M,N ∈ M and
morphisms f : M → N, g : N → ΣM it
holds that

tM (gf) = tN
(
(Σf)g

)
.

Partial trace property: For all M ∈M, X ∈ C
and f : M �X → Σ(M �X) it holds

tM�X(f) = tM

 f

M


The modified trace of [6, 4] can be recov-

ered as the special case when M is a tensor
ideal of C and Σ the identity functor.


