BV-BFV DESCRIPTION OF GENERAL RELATIVITY
IN THREE DIMENSIONS

GIOVANNI CANEPA

UNIVERSITY OF ZURICH

SwissMAP
(3 The Mathematics of Physics

National Centre of Competence in Research

SNF

Swiss NATIONAL SCIENCE FOUNDATION

ABSTRACT

The BV-BFV (Batalin-(Fradkin)-Vilkovisky) formalism is a tool to encode symmetries in gauge theories on manifolds with boundary. In this work, we compute the extension of the BV theory
for three-dimensional General Relativity to all higher-codimension strata - boundaries, corners and vertices - in the BV-BFV framework. Moreover, we show that such extension is strongly

e In order to make sense of path integrals using the stationary phase formula for oscil-
latory integrals, critical point of the action must be isolated. In presence of symme-
tries this condition is not satisfied. The BV idea is then to enlarge the space of fields
to include ghost fields representing symmetries to a Graded (—1)-symplectic manifold
and require that the extended action satisfies the Classical Master Equation (CME) i.e.
(5,S5) = 0 where the parenthesis are the Poisson brackets induced by the symplectic
structure [BV81].

BV-BFV Formalism is an extension of BV formalism on manifolds with boundary. This
is useful to implement locality in field theory using cut and glue techniques [CMR14]. It
can be extended to manifolds with corner and vertices.

e We study here the extended BV-BFV structure of 3d Gravity at a classical level.

e 3d General Relativity is classically equivalent to nondegenerate BF theory [Wit89]. The
result below shows that this equivalence is preserved at a BV level [C5518] and also as a
BV-BFV theory at all codimensions.

BV-BFV N-EXTENDED THEORY

Definition 1 Let M be an m-dim. smooth manifold. A n-stratification of M 1is a filtration
(M"Y . such that M%)\ M*+D) is an (m — k)-dim. smooth manifold.

Remark 2 A particular example of a stratification is given by a manifold with corners (and vertices, i.e.
boundaries of corners), where the connected components of boundaries, corners and vertices compose the
cells of a stratum M(*),

Definition 3 A n-extended exact BV-BFV theory is the assignment,
(M"Y o (m > n) of the data

to a n-stratification

3 = (FB), gk) o8 Q) r(k)y,

such that for every k < n:

1. F*) is a graded manifold equipped with an exact symplectic form w®) = §a'¥) with degree-
(k — 1) where 6 is the De Rham differential on F*);

2. k) Fl=1)  Fk) is q degree-0 surjective submersion;
3. S isq degree-k action functional on F ().

such that, for 0 <k <n —1,
Lo @F) = S0 4 p(F)xqlk+l) (1)

LQ(k)LQ(k;)w(k) = QW(k)*S(k—i_l), (CME)

whereas for k = n, we require

LQ(n)w(n) — (SS(n), LQ(n)LQ(n)w(n) = 0.

When n = m we say that the theory is fully extended. When n = 0, the data is that of a BV theory.

Definition 4 Let M be an m-dimensional smooth manifold and let F'° an exact BV theory on it. We
say that the BV-theory §'° is n-extendable if, for every n-stratification such that M9 = M, there
exist an n-extended exact BV-BFV theory §'" associated to it. If n = m we will say that F'° is fully
extendable.

Definition 5 A strong equivalence between two n-extended exact BV-BEV theories " and §)" is a
collection of degree-0 symplectomorphisms

k) . (F(k) (k)) (]:(k) (k))

preserving the k'™ BFV action: @*Sék) = SYC) and satisfying, for 0 < k <n —1

() o k) — k+1) ().
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equivalent to (nondegenerate) BF theory at all codimensions. This is a joint work with Michele Schiavina [C519].

3D-GRAVITY BV ACTION

Let P — M be an SO(2,1)-principal bundle on a 3-dimensional, compact, orientable
smooth manifold M. Let also V be the associated vector bundle where each fibre is isomor-
phic to (V,n), a 3d vector space with a pseudo-Riemannian inner product n on it. We identify

50(2,1) = A°V using 7. The fields are a non degenerate co-frame field e € Q! (M, V) and an
SO(2,1) principal connection w € Ap ~ Q1 (M, A\” V) (around the trivial connection).

Definition 6 3d General Relativity (GR) is the pair (F&p, S& ) where

Felo = QL (M, V) ® Q' (M, AY)  S&p =T / e AF,
M

are the space of fields and the action functional.

The classical functional is invariant under the action of internal gauge transformations SO(2, 1)
(c € QU[1](M, A*V)) and the action of spacetime diffeomorphisms (¢ € T'[1](TM)).

Definition 7 The BV theory for 3d General Relativity is given by the data Fl, =

(Far,Sar, aar, Qar) where the BV space of fields is
For =T [-1] (Qq(M,V)® Ap & Q°[1](M, V) & T[1]T M),

the BV one-form and action functional are

AR = Tr/ edel + wow' + cdel + L§5fT,
M

1 1 ;

Sorp = Tr/ ek, + el ( ‘ge — |c, e]) 4ol (te Fly — dyc) + §CT (teteFyy — e, c]) + 51/[5,5]5 :
M

where L¢ : |ig,dy,]. The vector field Qgr is given by the defining property (1), when M is closed and

without boundary.

BV-BFV REDUCTION
Theorem 8 The BV theory SGR = (Fer,SaRr, agr, Qcr) is fully extendable.

The resulting structure on the boundary is given by

wh) = Tr / — 6805 + 0w' 0 — 6eTen 68" + 15z0(€") + 6(1zw") 0w,
M (1)
Sél]);z = Tr / —1zeFg — €, &Py — edse + = [ el +
M (1)
+ Edg,(bg&}

1 1
2L£L€Fww -+ 2L[§ gee

M)+ LE(ent™)e" — [¢,en&" e

The actions on higher codimension strata are

l ~ == ~ . = ~ = ~ =
Sggz = / ~lc, cle — ized=c — emfmd~c — en§”d~
M(2) 2 §

N N

1 = 1xz=x= =<
[Cvaemgm =+ §[Caa€n£n

~N AN
~N N

ng)a — / 2 [C /E]eaé'a
M (3)

BF-GR EQUIVALENCE

BF theory has the same classical structure of 3d GR (6) but different symmetries given by
gauge trasformations (y € Q°(M,s0(2,1))) and a shift symmetry (1 € Q°(M,V)). The BV one-
form and action functional are

(XBF:TI/B/\&A SBF:TI‘/ (dA+ [.A A])

M M

where B=7+e+wl +x" € Q*(M,V)[1 — ], A=x+w+el +771 € Q*(M,A2V)[1 — e].

Theorem 9 The fully extended BV-BFV theories STG
following diagram is commutative.

and §15 . are strongly equivalent, i.e. the

GR ‘ GR
" ¢(1) ¢(2) ¢(3)
4 (1) g (2) g (3) N
TBF, (1) TBF, (2) TBF, (3)

Explicit symplectomorphisms can be found between the spaces of fields ]-'g% /pr, at every

codimension, and they commute with the BV-BFV surjective submersion maps.

The results show how diffeomorphisms can be seen as an equivalent choice of a BV-
extension of classical BF theory, and fully describe the compatibility with lower dimensional
strata, completely characterising the symmetries of GR in three dimensions.



