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ABSTRACT
The BV-BFV (Batalin-(Fradkin)-Vilkovisky) formalism is a tool to encode symmetries in gauge theories on manifolds with boundary. In this work, we compute the extension of the BV theory

for three-dimensional General Relativity to all higher-codimension strata - boundaries, corners and vertices - in the BV-BFV framework. Moreover, we show that such extension is strongly
equivalent to (nondegenerate) BF theory at all codimensions. This is a joint work with Michele Schiavina [CS19].

WHY BV?
• In order to make sense of path integrals using the stationary phase formula for oscil-

latory integrals, critical point of the action must be isolated. In presence of symme-
tries this condition is not satisfied. The BV idea is then to enlarge the space of fields
to include ghost fields representing symmetries to a Graded (−1)-symplectic manifold
and require that the extended action satisfies the Classical Master Equation (CME) i.e.
(S, S) = 0 where the parenthesis are the Poisson brackets induced by the symplectic
structure [BV81].

• BV-BFV Formalism is an extension of BV formalism on manifolds with boundary. This
is useful to implement locality in field theory using cut and glue techniques [CMR14]. It
can be extended to manifolds with corner and vertices.

• We study here the extended BV-BFV structure of 3d Gravity at a classical level.

• 3d General Relativity is classically equivalent to nondegenerate BF theory [Wit89]. The
result below shows that this equivalence is preserved at a BV level [CSS18] and also as a
BV-BFV theory at all codimensions.

BV-BFV N-EXTENDED THEORY
Definition 1 Let M be an m-dim. smooth manifold. A n-stratification of M is a filtration
{M (k)}k=0...n such that M (k) \M (k+1) is an (m− k)-dim. smooth manifold.

Remark 2 A particular example of a stratification is given by a manifold with corners (and vertices, i.e.
boundaries of corners), where the connected components of boundaries, corners and vertices compose the
cells of a stratum M (k).

Definition 3 A n-extended exact BV-BFV theory is the assignment, to a n-stratification
{M (k)}k=0...n (m ≥ n) of the data

F↑n = (F (k), S(k), α(k), Q(k), π(k))k=0...n

such that for every k ≤ n:

1. F (k) is a graded manifold equipped with an exact symplectic form $(k) = δα(k) with degree-
(k − 1) where δ is the De Rham differential on F (k);

2. π(k) : F (k−1) → F (k) is a degree-0 surjective submersion;

3. S(k) is a degree-k action functional on F (k);

such that, for 0 ≤ k ≤ n− 1,
ιQ(k)$(k) = δS(k) + π(k)∗α(k+1) (1)

ιQ(k)ιQ(k)$(k) = 2π(k)∗S(k+1), (CME)

whereas for k = n, we require

ιQ(n)$(n) = δS(n), ιQ(n)ιQ(n)$(n) = 0.

When n = m we say that the theory is fully extended. When n = 0, the data is that of a BV theory.

Definition 4 Let M be an m-dimensional smooth manifold and let F↑0 an exact BV theory on it. We
say that the BV-theory F↑0 is n-extendable if, for every n-stratification such that M (0) = M , there
exist an n-extended exact BV-BFV theory F↑n associated to it. If n = m we will say that F↑0 is fully
extendable.

Definition 5 A strong equivalence between two n-extended exact BV-BFV theories F↑n1 and F↑n2 is a
collection of degree-0 symplectomorphisms

Φ(k) : (F (k)
1 , $

(k)
1 )→ (F (k)

2 , $
(k)
2 )

preserving the kth BFV action: Φ∗S
(k)
2 = S

(k)
1 and satisfying, for 0 ≤ k ≤ n− 1

π
(k)
2 ◦ Φ(k) = Φ(k+1) ◦ π(k)

1 .

REFERENCES

References

[BV81] I. Batalin and G. Vilkovisky. “Gauge algebra and quantization”. Physics Letters B
102.1 (1981), pp. 27–31. ISSN: 0370-2693. DOI: http://dx.doi.org/10.1016/
0370-2693(81)90205-7.

[CMR14] A. S. Cattaneo, P. Mnev, and N. Reshetikhin. “Classical BV Theories on Manifolds
with Boundary”. Communications in Mathematical Physics 332.2 (2014), pp. 535–603.
ISSN: 1432-0916. DOI: 10.1007/s00220-014-2145-3.

[CS19] G. Canepa and M. Schiavina. “Fully extended BV-BFV description of General Rela-
tivity in three dimensions” (May 2019). arXiv: 1905.09333 [math-ph].

[CSS18] A. S. Cattaneo, M. Schiavina, and I. Selliah. “BV equivalence between triadic gravity
and BF theory in three dimensions”. Letters in Mathematical Physics 108 (Aug. 2018),
pp. 1873–1884. DOI: 10.1007/s11005-018-1060-5.

[Wit89] E. Witten. “2+1 dimensional gravity as an exactly soluble system”. Nuclear Physics
B (311 1988/89), pp. 46–78.

3D-GRAVITY BV ACTION
Let P → M be an SO(2, 1)-principal bundle on a 3-dimensional, compact, orientable

smooth manifold M . Let also V be the associated vector bundle where each fibre is isomor-
phic to (V, η), a 3d vector space with a pseudo-Riemannian inner product η on it. We identify
so(2, 1) ∼=

∧2 V using η. The fields are a non degenerate co-frame field e ∈ Ω1
nd(M,V) and an

SO(2, 1) principal connection ω ∈ AP ' Ω1(M,
∧2 V) (around the trivial connection).

Definition 6 3d General Relativity (GR) is the pair (FclGR, SclGR) where

FclGR = Ω1
nd(M,V)⊕ Ω1(M,∧2V) SclGR = Tr

∫
M

e ∧ Fω

are the space of fields and the action functional.

The classical functional is invariant under the action of internal gauge transformations SO(2, 1)
(c ∈ Ω0[1](M,∧2V)) and the action of spacetime diffeomorphisms (ξ ∈ Γ[1](TM)).

Definition 7 The BV theory for 3d General Relativity is given by the data F↑0GR =
(FGR, SGR, αGR, QGR) where the BV space of fields is

FGR = T ∗[−1]
(
Ω1
nd(M,V)⊕AP ⊕ Ω0[1](M,∧2V)⊕ Γ[1]TM

)
,

the BV one-form and action functional are

αGR = Tr

∫
M

eδe† + ωδω† + cδc† + ιξδξ
†,

SGR = Tr

∫
M

eFω + e†
(
Lωξ e− [c, e]

)
+ ω† (ιξFω − dωc) +

1

2
c† (ιξιξFω − [c, c]) +

1

2
ι[ξ,ξ]ξ

†,

where Lωξ : [ιξ, dω]. The vector field QGR is given by the defining property (1), when M is closed and
without boundary.

BV-BFV REDUCTION

Theorem 8 The BV theory F↑0GR = (FGR, SGR, αGR, QGR) is fully extendable.

The resulting structure on the boundary is given by

$
(1)
GR = Tr

∫
M(1)

−δẽδω̃ + δω̃†δc̃− δẽ†εnδξ̃n + ιδξ̃δ(ẽẽ
†) + δ(ιξ̃ ω̃

†)δω̃,

S
(1)
GR = Tr

∫
M(1)

−ιξ̃ ẽFω̃ − εnξ̃nFω̃ − c̃dω̃ ẽ+
1

2
[c̃, c̃]ω̃† +

1

2
ιξ̃ ιξ̃Fω̃ω̃

† +
1

2
ι[ξ̃ ,ξ̃ ]ẽẽ

†

+ c̃dω̃(ιξ̃ ω̃
†) + Lω̃

ξ̃
(εnξ̃

n)ẽ† − [c̃, εnξ̃
n]ẽ†;

The actions on higher codimension strata are

S
(2)
GR =

∫
M(2)

−1

2
[̃c̃, ˜̃c]̃ẽ− ι˜̃

ξ
˜̃ed˜̃ω˜̃c− εm ˜̃ξmd˜̃ω˜̃c− εn˜̃ξnd˜̃ω˜̃c

S
(3)
GR =

∫
M(3)

1

2
[̃̃c̃,
˜̃̃
c]εa

˜̃̃
ξa +

1

2
[̃̃c̃,
˜̃̃
c]εm

˜̃̃
ξm +

1

2
[̃̃c̃,
˜̃̃
c]εn

˜̃̃
ξn

BF-GR EQUIVALENCE

BF theory has the same classical structure of 3d GR (6) but different symmetries given by
gauge trasformations (χ ∈ Ω0(M, so(2, 1))) and a shift symmetry (τ ∈ Ω0(M,V)). The BV one-
form and action functional are

αBF = Tr

∫
M

B ∧ δA SBF = Tr

∫
M

B ∧
(
dA+

1

2
[A,A]

)

where B = τ + e+ ω† + χ† ∈ Ω•(M,V)[1− •], A = χ+ ω + e† + τ † ∈ Ω•(M,∧2V)[1− •].

Theorem 9 The fully extended BV-BFV theories F↑3GR and F↑3BF∗ are strongly equivalent, i.e. the
following diagram is commutative.

FGR F (1)
GR F (2)

GR F (3)
GR

FBF∗ F (1)
BF∗ F (2)

BF∗ F (3)
BF∗

π
(1)
GR

ψ

π
(2)
GR

ψ(1)

π
(3)
GR

ψ(2) ψ(3)

π
(1)
BF∗ π

(2)
BF∗ π

(3)
BF∗

Explicit symplectomorphisms can be found between the spaces of fields F (k)
GR/BF∗

at every
codimension, and they commute with the BV-BFV surjective submersion maps.

The results show how diffeomorphisms can be seen as an equivalent choice of a BV-
extension of classical BF theory, and fully describe the compatibility with lower dimensional
strata, completely characterising the symmetries of GR in three dimensions.


